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keiner anderen Prüfungsbehörde vorgelegen hat und von dieser als Teil einer Prüfungsleistung
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Übersicht

Inertialmesseinheiten (IMUs) haben sich als nützliche Geräte zur Orientierungsmessung bewährt
und stellen eine kostengünstige Alternative zur Erkennung menschlicher Aktivität und Bewe-
gungsanalyse dar. Ein häufiges Problem der Auswertealgorithmen ist die Bestimmung einer Ref-
erenzmessung. Goldstandard-Messungen verwenden oftmals externer Motion-Capture-Systeme,
deren Aufbau, Komplexität und geringe Mobilität jedoch Einschränkungen darstellen, insbeson-
dere wenn eine schnelle und einfache Auswertung von Algorithmen erforderlich ist. Diese
Bachelorarbeit schlug die Entwicklung und Konstruktion eines 3-achsigen Gimbals vor, welcher
eine 360� Drehung in 18� Schritten über drei manuelle Verdrehvorrichtungen ermöglicht. Die
definierten Schrittpositionen können als Referenzwinkel für die Algorithmenauswertung und die
Identifizierung von IMU-Fehlern verwendet werden.

Fokussiert wurde sich auf die Einschränkungen des 3-achsigen Gimbals, die Sensorkalib-
rierung sowie die Evaluation von Fusionsalgorithmen. Der von Ferraris et al. vorgestellte Kalib-
rierprozess wurde zwischen dem vorgeschlagenen Gerät und zwei weiteren Kalibriergeräten
verglichen. Es wurden Ergebnisse erzielt, welche den 3-achsigen Gimbal als geeignetes Gerät
für die Kalibrierung klassifizieren. Um die Eignung des 3-achsigen Gimbals für die Bewertung
von IMU-Orientierungs- und Winkelberechnungsalgorithmen zu beurteilen, wurden drei Algo-
rithmen während der Ausführung zwei verschiedener Rotationsmethoden bewertet. Verglichen
wurden die Gyroskop Integration, der Madgwick Filter und der Mahony Filter. Dazu wurde
eine IMU am 3-achsigen Gimbal befestigt, um die Orientierungsschätzung der Algorithmen in
definierten statischen Positionen miteinander und gegen die Referenzwinkel zu vergleichen. Die
Gyroskopintegration erreichte bei beiden Rotationsverfahren die höchsten Wurzel der mittleren
Fehlerquadratsumme (RMSE) in Bezug auf Roll- und Neigungswinkel. Die beobachtete RMSE
des Madgwick und Mahony Filters während kleiner Schrittdrehungen erreichte ähnliche Werte
für beide Algorithmen. Frühere Studien verglichen diese Algorithmen gegen Referenzdaten,
welche mit Goldstandardsystemen gewonnen wurden, und kamen zu den gleichen Ergebnissen.
Der 3-achsige Gimbal ist daher ein geeignetes Gerät zur Auswertung von Algorithmen, kann
Goldstandard-Messsysteme aber aufgrund der geringeren Genauigkeit nicht ersetzen.
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Abstract

A common problem in algorithm evaluation is the determination of a reference measurement. Gold
standard measurements often use external motion capture systems, but their design, complexity
and low mobility are limitations, especially when fast and easy evaluation of algorithms is required.
This bachelor thesis proposed the development and construction of an 3-axis gimbal that allows
360� rotation in 18� steps using three manual turning devices. The defined step positions can be
used as a reference for algorithm development, evaluation and identification of IMU errors.

The focus was on the 3-axis gimbal limitations, sensor calibration and evaluation of fusion
algorithms. The calibration process presented by Ferraris et al. was compared between the
proposed device and two other calibration devices. Results were obtained which classify the
gimbal as a suitable device for calibration. In order to assess the suitability of the 3-axis gimbal
for the evaluation of IMU orientation and angle computation algorithms, three algorithms were
evaluated during the execution of two different rotation methods. The gyroscope integration, the
Madgwick filter and the Mahony filter were compared. An IMU was fastened to the 3-axis gimbal
in order to compare the orientation estimation of the algorithms in defined static positions against
each other and to the 3-axis gimbal. The gyroscope integration achieved the highest root mean
square error (RMSE) during both rotation methods in terms of roll and pitch angle. The observed
RMSE of the Madgwick and Mahony filters during small step rotations achieved similar values for
both algorithms. Previous studies compared these algorithms to reference data obtained with gold
standard systems and came to the same conclusions. Therefore, the 3-axis gimbal is a suitable
device for the evaluation of algorithms, but cannot replace gold standard measuring systems due
to the lower accuracy.
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Chapter 1

Introduction

Research around human and object motion tracking has received signi�cant attention over the

past few years. Several motion capture technologies have been developed, such as optical, image-

based, acoustic, magnetic and mechanical systems [Ses13]. In particular, the optical motion

capture systems are still preferred in medical contexts, because they offer a reliable and highly

accurate way of motion recording [Ses13]. Disadvantages of these systems, apart from the high

costs, are the requirement of skilled people to manage such systems [Zec13]. However, inertial

sensors suffer from estimation errors which makes it dif�cult to obtain an orientation estimate

with high accuracy [Ric16]. To achieve an highly accurate orientation estimation with an inertial

measurement unit (IMU), advanced technologies of signal processing and data fusion are needed

[Kok17].

1.1 Motion analysis with inertial measurement units

Over the last years costs for sensors decreased and measuring movements of humans and objects

became a growing area of interest [You11]. Nowadays, they are used for inertial-only navigation,

attitude estimation, and also built into smartphone devices [Ted14].

Due to their low weight, IMUs can easily be attached to the body and thus open up new

possibilities for the evaluation of clinical and sports biomechanics. Motion analysis is used in

particular in the health care sector, with applications ranging from monitoring and measuring hu-

man body joint angles [Bre11], classifying Parkinson's disease from gait [Car18], identifying gait

types [Aha19] or collecting biomechanical data to de�ne running patterns [Mah19]. Furthermore,

motion analysis can be bene�cial for therapists and physicians because it facilitates the remote

assessment of patient activities [Bak11].
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For the precise computation of kinematic parameters like angles and trajectories from sensor

data, validated algorithms are required. Typically, algorithms for sensor orientation estimation

employ strap-down-integration of the angular rates to obtain an �rst estimate of the orientation

[See19]. However, the estimation error grows over time due to quantization, integration and

sensor errors [Kim04]. For a highly accurate estimation with IMUs, a careful choice of algorithms

is crucial [Kok17]. These sensor fusion algorithms allow an effective orientation estimation

calculation by combining data from various inertial sensors and migrate sensor errors [Ama16].

1.2 Sensor and fusion algorithm evaluation

In literature, several methods related to the topic of sensor fusion algorithms and performance

evaluation exist. Ludwig et al. compared two sensor fusion algorithms, called Madgwick �lter and

Mahony �lter, with a basic fusion approach using foot mounted magnetic and inertial measurement

unit (MIMU) data [Lud18a]. Foot mounted MIMU data was used to estimate the Euler angles

as well as the position. The results show that the Madgwick �lter obtained an better heading

orientation than the Mahony �lter and the basic fusion approach in terms of the root mean square

error (RMSE) of the Euler angles when compared to the ground truth data recorded with a motion

capture system. However, the Mahony �lter achieved a lower execution time than the Madgwick

�lter. Madgwick et al. presented an algorithm applicable to IMUs and magnetic, angular rate, and

gravity (MARG) sensors and evaluated the algorithm performance using an optical measurement

system to obtain the reference data [Mad11]. Both sensor algorithm implementations are able to

achieve a static RMSE< 2� and dynamic error< 7� while sampling at10Hz.

An alternative to optical reference systems is the comparison of sensors and algorithms to data

generated by a robotic arm. Several studies evaluated the orientation error of sensors and fusion

algorithms against a robotic arm [Ric16, Mou15, Cav14]. Mourcou et al. evaluated different

smartphone sensors and angle measurement algorithms to determine if smartphone sensors are

reliable enough for clinical research [Mou15]. The authors recorded data from accelerometer,

gyroscope and magnetometer sensors. Dynamic and static protocols were used to determine roll

and pitch angles calculated from absolute angles. The Madgwick �lter, Mahony �lter and the

�lter provided by the smartphone manufacturer were compared to an industrial robotic arm. For

the static protocol root mean square (RMS) mean values were under0:3� for roll and pitch angles

compared to the gold standard. In case of the dynamic protocol, the RMS mean values were

higher than the results obtained in the static protocol, especially for Madgwick and Mahony �lters,

but showed no signi�cant difference between the �lters.
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Another paper by Cavallo et al. compared sensor fusion algorithms against ground truth

quaternions obtained by a robotic arm [Cav14]. The tested algorithms were extended Kalman

�lter, Madgewick �lter and Mahony �lter. In terms of orientation error, the RMSE of the Euler

angles were calculated from quaternions. During slow trajectories, the algorithms provided

comparable results.

Robotic arms have the advantage of high precision and repeatability of measurements. Never-

theless, industrial robots are expensive and require expertise to perform the desired movement.

All studies described above used gold standard tools for the algorithm evaluation, which are ex-

pensive and dif�cult to transport. Zhoua cited real time operation, wireless properties, correctness

of data and portability as major de�ciencies that must be addressed to realize a clinically viable

system for human motion tracking [Zho08]. Therefore, it is of particular importance to develop

a reliable tool for the evaluation of algorithms that meets the requirements of cost-ef�ciency,

simplicity and �exibility.

1.3 Gimbal as an evaluation tool

A gimbal is a device that permits a body to incline freely in any direction or suspends it so that it

will remain level when the orientation of its support is modi�ed [Mer19]. Some existing studies

already used a gimbal as an evaluation tool for sensor systems and fusion algorithms to move an

inertial sensor to a certain position.

Lebel et al. performed an accuracy evaluation of inertial measurements under controlled

conditions, with an experimental setup providing well de�ned and repeatable testing movements

[Leb15]. An instrumented gimbal table was used to generate static and dynamic motion conditions.

The table was entirely made of aluminum. For the absolute and relative accuracy, a combination of

static trials followed by single- and multi-axes trials were performed at different speed levels. The

authors observed a mean absolute error (MAE) between0:5� and3:1� and a mean relative accuracy

between2� and7� under slow motions. This error evaluation proves that a gimbal provides a

simple and controllable evaluation tool. However, this study is limited to the differences according

to the sensor systems, rather than focusing on sensor fusion algorithms.

A study by Fan et al. focused on improving the performance against magnetic disturbances

[Fan17]. The proposed method is based on existing gradient descent algorithms and was validated

through experiments performed on a customized 3-axis instrumented gimbal with known orien-

tations. The gimbal consists of a base frame and three rotatable frames, all made of aluminum

alloy and equipped with a motor and an absolute encoder. For the determination of orientation
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estimation, a MIMU was mounted on the gimbal with double sided tape. The method could be

improved in such a way that it is completely immune to magnetic disturbances in stationary state.

In case of dynamic conditions the error caused by magnetic disturbance is reduced by51:2 %

compared with the original MIMU gradient descent algorithm.

1.4 Patent research

There are several patents relating to gimbal constructions. Many of these patents are based on

motor driven gimbals. Two inventions patented by Hoffman (Appendix A.1 and Appendix A.2)

include inertial sensors mounted on gimbals. The �rst invention (Appendix A.1) describes an

apparatus including a kinematic inertial sensor to measure angular velocity and position relative

to inertial space about the desired axis.

Appendix A.2 includes a gyroscope mounted on gimbal sets to cancel out the effects of drift.

The angular rate output signal to correct the gyroscope drift is obtained by torques connected

between the gimbal sets carrying the sensor. The idea proposed by LaSarge (Appendix A.3)

provides a control mechanism to resist gimbal rotation leading to Gimbal lock, to dampen gimbal

tumbling and to restore the gimbals to a given orientation.

1.5 Purpose of thesis

The literature review reveals an extensive IMU algorithm evaluation, however, all studies used

gold standard measurement systems as a reference. Disadvantages resulting from current gold

standard measurements are the high costs and dif�cult handling. In addition, these systems require

power supply, which makes the data acquisition under real conditions dif�cult. Existing studies

proved that instrumented gimbals are suitable for the evaluation of IMU accuracy and performance

[Leb15, Fan17], however, their suitability for the sensor fusion algorithm evaluation is not veri�ed.

Therefore, the purpose of this bachelor thesis is to investigate a low-cost 3-axis gimbals ability

for the algorithm evaluation, which is able to perform prede�ned rotations with known angles.

Thus, it represents a reference for the comparison and evaluation of algorithms that allow the

computation of IMU orientation and rotation angles. Besides simple handling, the presented tool

provides good transportability to test and evaluate IMU algorithms at different locations and under

real conditions. Moreover, the exact trajectory of the IMU during the movement is known a priori

and therefore the 3-axis gimbal represents its own proof of concept application, which makes

it a reliable alternative to optical and robotic gold standard measurement systems. Besides the
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evaluation of algorithms, the device can be used for calibration by adjusting different positions

and rotations. In addition, it can serve a tool for demo purposes, as it increases the understanding

of IMU orientation estimations through the simple representation and visualization of the sensor

rotation.





Chapter 2

Fundamentals

This chapter describes the fundamentals for the understanding of this work. First, the terms and

systems used are explained. This is followed by a brief explanation of mathematical concepts for

the description and calculation of rotations. The chapter concludes with an introduction to sensor

fusion, followed by a description of the different methods to solve the sensor fusion problem.

2.1 Inertial sensors

The term inertial sensors is a generic term for electrical devices that can measure and report forces

on the basis of mass inertia [Kok17]. These are usually translational and rotational acceleration

forces. Translational forces are measured by an acceleration sensor (accelerometer) and rotational

forces by a rotation rate sensor, also called gyroscope. Devices designed around these sensors, as a

combination of 3-axis accelerometers and 3-axis gyroscopes, are called IMUs [Kok17]. Generally,

they are used to track how an object rotates and translates during movement [Her05]. In inertial

sensor technology, a basic distinction is made between systems that consist of accelerometers and

gyroscopes, and systems that also include a magnetic �eld sensor (magnetometer). For this work,

only accelerometers and gyroscopes are relevant, both are explained in the following.

2.1.1 Acceleromter

Accelerometers measure translational movement in form of linear acceleration along an axis as

an effect of gravity [Her05]. A static object will experience acceleration only due to gravity.

Depending on the orientation of the IMU, it will experience different portions of acceleration along

the three axes. The accelerometer functional principle can be explained by a spring-mass-system
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Figure 2.1: Mechanical accelerometer functional principle. An accelerometer consists of a mass,
which is attached to a spring and a damping device [Woo07].

(Figure 2.1). It consists of a proof mass, which is attached to a spring, a damping device and a

displacement sensor to measure the proof mass movement. When force is applied, the behavior of

the spring follows Hookes's law

Fd = D � �l (2.1)

and thus deforms proportionally to the applied load, whereFd denotes the force,D the spring

constant and�l the change of distance [Vib19]. The spring-mass-system settles into rest position

after a certain time due to friction and gravity. If the de�ection of a spring-mass-system is

measured, the initial amplitude is proportional to the accelerating force [Woo07]. Newton's

second axiom describes the connection as follows:

F = m � a : (2.2)

F represents the measured accelerating force,m corresponds to the accelerated mass anda to

the acceleration. During a static sensor position, the mass is only affected by gravity forces,

giving information about the gravity along the input axis [Lyn15]. The accelerometer outputs

the acceleration in g. The sensor data is integrated twice to �rst determine velocity and �nally

information about the sensorâs position [Kok17].
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2.1.2 Gyroscope

Gyroscopes measure rotational movement in form of angular velocity around an axis of rotation,

i.e. the rate of change of the sensor's orientation [Kok17]. In a 3-axis gyroscope, the rate of change

can be measured around all three axes in the units of[� =s]. Usually micro-electromechanical

systems (MEMS) gyroscopes are used for orientation measurements, which measure rotation

based on vibrating massesm. The Coriolis forceFc is de�ned as:

FC = � 2m � (! � v) : (2.3)

The system moves along the drive axis with a local velocityv. Vibration is induced when the

gyroscope is rotated andFc is measured along the perpendicular sense axis and is used to determine

the angular rate! (Figure 2.2) [Woo07]. Integration of the angular rate provides information

about the orientation of the sensor [Kok17].

Figure 2.2: A MEMS gyroscope measuring the rate of change! [Woo07].

2.1.3 Orientation estimation using IMUs

The sensors used for the orientation determination are the presented gyroscopes and accelerometers.

Both sensors have their advantages, however, both sensors are prone to error.
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The orientation estimation based on accelerometer data is most sensitive to the gravity vector

element, because they use the force of gravity as an input vector to determine the orientation

of an object, whereby the orientation of the local coordinate system is calculated in relation to

the global coordinate system [Dev04]. However, position estimation from the axes in�uenced

by gravity can not be calculated with an accelerometer due to the fact that gravitational force is

always constant in the direction towards the earth.

Gyroscopes offer very accurate measurements of the rotational speeds around the various axes.

The angular velocity measurement can be integrated over time to obtain the angle around the

measured axis, but the integration causes small offset errors which add up over time and lead to a

long term drift [Bea16].

In order to enable a more precise orientation estimation, an IMU includes both sensors.

Subsequently, the data of both sensors can be combined by �lter algorithms to compensate for the

sensor errors. These �lters use gyroscope data for changes in the short term, because it is very

precise and not susceptible to external forces. On the long term, accelerometer data is used, as it

does not drift. Whether the orientation of a measurement unit can be determined reliably depends

on the properties of the sensor and the algorithms for fusing and �ltering the data.

2.2 Coordinate frames

In order to discuss quantities measured by inertial sensors, different coordinate frames need to be

introduced. An orientation system is usually applied to determine Euler angles which are regarded

as the essential parameters for navigation and motion control. Euler angles are de�ned as the

rotation angles from the given earth frame, denoted asE, to the sensor frameS, a coordinate

system �xed to the moving object [Zha16]. It is necessary to know these frames since inertial

sensors record data (acceleration and rotation rate) in theS frame. In other words, measurements

made directly from the inertial sensor are referenced to the sensor axes, which are �xed by the

physical sensor orientation. In this speci�c case, theS frame is the IMU coordinate frame. All

inertial measurements are resolved in this frame and all sensor outputs are referenced to this frame.

To enable the tracking of position and orientation, we need to relate the data to a known origin.

In this work, the reference frame is theE frame, which is �xed to the earth. Therefore, for the

orientation estimation, theS frame has to be expressed in theE frame (Figure 2.3) .
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(a)E andS frame coincide (b) S frame rotated

Figure 2.3: Earth frameE and sensor �xed frameS in coincident (a) and rotated (b) position

TheS frame includes the Euler angles roll, pitch and yaw. The rotation about theX S-axis

is called roll angle, about theYS-axis pitch angle and about theZS-axis yaw angle (Figure 2.4).

Rotation around theX S-axis is called roll angle, around theYS-axis pitch angle and around

ZS-axis yaw angle. For the transformation of a vector given with respect to theS frame into the

E frame, vector rotations are used.

Figure 2.4:S frame and Euler angles roll, pitch and yaw.



12 CHAPTER 2. FUNDAMENTALS

2.3 3-axis gimbal

A gimbal is a mechanical device that can pivot and allows the rotation of an object attached to

it [Lak15]. In case of inertial navigation a minimum of three gimbal frames mounted together

is needed where each frame offers a degree of freedom (DOF) [Her05]. A construction of three

gimbal frames is called a 3-axis gimbal. Three DOF allow an item to rotate completely free of

its mounting around the three axes,X S, YS andZS (Figure 2.5a). When using sensors like an

inertial navigation unit, the IMU is equipped with three orthogonally mounted gyroscopes to

sense rotation about these axes. In inertial navigation systems, Gimbal lock may occur when three

gimbal frames are aligned with their pivot axes in a single plane.

Gimbal lock

Gimbal lock is the loss of one DOF in a three-dimensional system, when two of the three gimbal

frames are driven into a parallel con�guration, locking the system into one rotation [Lak15]. This

phenomenon occurs at an angle of� 90� when rotating about an axis and leads to unexpected

angles or singularities when rotating from this position (Figure 2.5b).

(a) Rotational position (b) Static position

Figure 2.5: 3-axis gimbal in rotational (a) and static (b) position. In rotational position each
gimbal frame allows rotation around a speci�c axis [Gim12]. In static position the gimbal frames
are locked and the inner frame can not change in pitch unless it rotates into another position.
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2.4 Mathematical background

As explained in Section 2.2, the sensor orientation can be described as the rotation between two

coordinate frames. Vector rotations are used to relate the orientation obtained in theS frame with

respect to theE frame. There are several possibilities to describe vector rotations in Euclidean

space. These are Euler angles, rotation matrices and quaternions. The following section gives an

introduction to the basics of vector rotations and involved mathematical operations.

2.4.1 Euler angles

Euler angles are the most common way to perform the coordinate frame transformation. Executing

one Euler rotation after the other, the three rotations transfer the sensor coordinate system into

the earth coordinate system. There are several conventions on how to perform the sequence of

rotations around the respective axes, in our case we use XYZ-convention. Therefore, the yaw

angle describes the �rst rotation, then the new Y-axis of the rotation coordinate system is rotated

by the pitch angle� . The last rotation is done by the roll angle� around the new X-axis. Euler

Angles are simple and intuitive but limited by Gimbal lock.

2.4.2 Quaternions

Quaternions are four dimensional numbers that contain information about both the rotation angle

and the rotation axis [Han11]. The quantity of quaternionsH extends the real numbers by adding

three imaginary number components i, j and k. The Cartesian form of a quaternion is given by:

q = qw + iqx + jqy + kqz: (2.4)

Whereiqx + jqy + kqz is called the vector part. Using the complex numbers for quaternionsq 2 H

and the fundamental equations of quaternions, given by

i 2 = j 2 = k2 = ijk = � 1 (2.5)

and

ij = � ji = k

jk = � kj = i

ki = � ik = j;

(2.6)
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computational operations (e.g. addition, subtraction, division and multiplication) can be performed.

Quaternions can also be displayed as a vector directly by

q = [qw qx qy qz]; (2.7)

with its conjugate de�ned as

q� = [qw � qx � qy � qz] : (2.8)

Quaternions can be used to describe a rotation from one coordinate systemA to an arbitrary

coordinate systemB [Kue13]. The rotation is represented by a three-dimensional unit vector
A r de�ning the axis of rotation and a rotation angle� (Figure 2.6). The vectorA r is de�ned in

the coordinate systemA, A
B q̂ describes a quaternion that rotates frameA into frameB. The four

components of a quaternion can be represented as a vector by:

A
B q̂ = [qw qx qy qz] =

�
cos

�
�
2

�
� A r xsin

�
�
2

�
� A r ysin

�
�
2

�
� A r zsin

�
�
2

��
: (2.9)

Quaternions that are derived by this equation automatically have unit length and are denoted byq̂

The Euclidean norm and the inverse of a quaternion are

kqk =
q

q2
w + q2

x + q2
y + q2

z (2.10)

and

q� 1 =
q�

kqk2 ; kqk 6= 0 : (2.11)

The multiplication of quaternions is associative but not commutative and is used to de�ne a

combination of two rotations. It is a combination of the three-dimensional scalar and cross

product. The quaternion producta 
 b is denoted as [Ell14]:

a 
 b = [aw ax ay az] 
 [bw bx by bz] (2.12)

=

2

6
6
6
6
4

awbw � axbx � ayby � azbz

awbx + axbw + aybz � azby

awby � axbz + aybw + azbx

awbz + axby � aybx + azbw

3

7
7
7
7
5

>

: (2.13)
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The multiplication operation can be reversed by multiplying with the conjugate of a quaternion

q, which can be used to swap the relative frame described by an orientation [Mic17].

Quaternions represent a computationally elegant possibility to describe rotations in Euclidean

space and also represent the orientation of the measuring unit in a de�ned coordinate system.

Moreover, they are resistant to Gimbal lock because rotation is carried out around the desired axis

of rotation directly. A disadvantage of quaternions is their unintuitive way of angle representation.

Nevertheless, the computational effort to perform a rotation with quaternions is clearly below the

complexity of an Euler angle rotation. Therefore, the presented �lter algorithms use quaternions

for orientation estimation.

2.4.3 Rotating vectors using quaternions

Rotation described by quaternions can be applied by representing a vector as a quaternion without

a real part. This means a0 is inserted as the �rst element to build a four element row vectorr ,

written as:

r = [0 r x r y r z] : (2.14)

Vector rotation by treating the vector like a quaternion with a zero-part and multiplying it by the

quaternion describing the orientation and its inverse is de�ned as [Kue13]

B r = A
B q̂ 
 A r 
 A

B q̂� : (2.15)

Another option to apply rotation by a quaternionA
B q̂ is by transformingA

B q̂ into a3 � 3 rotation

matrix A
B R using:

A
B R =

2

6
4

1 � 2q2
y � 2q2

z 2qxqy � 2qzqw 2qxqz + 2qyqw

2qxqy + 2qzqw 1 � 2q2
x � 2q2

z 2qyqz � 2qxqw

2qxqz � 2qyqw 2qyqz + 2qxqw 1 � 2q2
xq2

y

3

7
5 : (2.16)



16 CHAPTER 2. FUNDAMENTALS

Figure 2.6: The quaternion representation of the rotation.

2.5 Calibration

Low-cost accelerometers and gyroscopes provide accurate navigation data over short time in-

tervals but suffer from accuracy degradation with time due to the combined effects of errors.

Typical low-cost sensor errors to be calibrated are biases and non-linearities, but sensors can

also be affected by systematic errors given by imprecise scaling factors and axes misalignment

[Ted14]. These errors fundamentally impair their performance in non-protected environments

and an accurate calibration of these sensors is important to achieve a high measurement accuracy

[Fer95]. In the following, an overview of various IMU errors is given.

Bias offset

Data obtained from accelerometers and gyroscopes often show a small offset in the average signal

output, even when there is no movement [Fle05]. Therefore, accelerometer biasba and gyroscope

biasbg can be estimated by the average sensors output from when they are not undergoing any

rotation or acceleration. After determining the bias, compensation is done by subtracting the bias

from the output. The stationary part of bias is also named as offset (Figure 2.7a).
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(a) Bias offset (b) Scale factor

Figure 2.7: Bias offset and scaling factor [Lv16].

Scale factor

The scale factor is the ratio between the change of measurement and the change of real input

(Figure 2.7b) [Lv16]. The actual output is the result of linear effects which is proportional to

the input but scaled. Scale factor errors are most apparent in motion with high acceleration

and rotation. To correct the scale factors of the three sensors in each triplet diagonal matrices

are multiplied to the sensor measurements, wherebyK a andK g denotes the accelerometer and

gyroscope scale factor matrices, de�ned as:

K a =

2

6
4

ka;xx 0 0

0 ka;yy 0

0 0 ka;zz

3

7
5 andK g =

2

6
4

kg;xx 0 0

0 kg;yy 0

0 0 kg;zz

3

7
5 : (2.17)

Misalignment

In an IMU the 3-axis gyroscopes and accelerometers are composed of sensor triplets. In each

triplet, the nominal sensitivity axes of the three sensors are mounted orthogonally. Mounting

errors occur if the actual sensitivity axis of each sensor does not exactly match the nominal

sensitivity axis and the angle between sensors is not perfectly90� [Err14]. The misalignment

describes the existence of angular error between sensor frameX S; YS andZS and the body frame

X B ; YB andZB (Figure 2.8). Misalignment errors need to be calibrated whenever the IMU is

installed into a new external sensor case, namely, when the sensor frame has been changed. Since

sensor frame and body frame are both regarded as orthogonal, a small angle orientation matrix

that can project readings from the sensor frame to the body frame is required [Lv16]. R represents
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the orientation matrix to compensate misalignment between sensor frame and body frame. The

speci�c orientation matrix for the accelerometer triplet is denoted byRa and the rotation matrix

for the gyroscope byRg with:

Ra =

2

6
4

ra;xx ra;xy ra;xz

ra;yx ra;yy ra;yz

ra;zx ra;zy ra;zz

3

7
5 andRg =

2

6
4

rg;xx rg;xy rg;xz

rg;yx rg;yy rg;yz

rg;zx rg;zy rg;zz

3

7
5 : (2.18)

Figure 2.8: Error of misalignment between sensor frameX S; YS andZS and body frameX B ; YB

andZB [Lv16].

2.5.1 Ferraris calibration

Different calibration techniques have been developed differing mainly in the proposed sensor

output model, the used instrumentation, and the complexity of the calculations [Oli09]. Ferraris et

al. proposed an effortless in-�eld calibration method of 3-axis rate gyroscopes and accelerometers

employed in a strap-down inertial navigation system [Fer95]. This calibration method requires

the IMU data from six static positions (three axes parallel and antiparallel to gravitation vector)

and three rotations around the three main IMU axes. In the following course of this work, we will

call the method for sensor calibration described by Ferraris et al. Ferraris calibration.

To perform the Ferraris calibration, a static calibration is necessary. Therefore, a calibration

apparatus needs to set the sensor sensitivity axes at known angles with respect to the gravity

direction. The use of a particular case for the sensors, coupled with a support base having a

reference block, allows the calibration of both (accelerometer and gyroscope) sensors without

special-purpose instrumentation [Fer95]. The proposed calibration process relies on two natural

standards, the full revolution angle for the gyroscope calibration and the local gravity for the

accelerometer calibration. Ferraris et al. calibrated the accelerometer performing six gravity
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measurements in different sensor positions with a carefully constructed sensor case to allow

perfect alignment of the sensor with gravity [Qur17]. Static intervals are used to calibrate the

gyroscope bias. For the scale factors and misalignments, complete rotations around each axis are

performed.

The calibration procedure is ful�lled in two steps. In step 1, the accelerometer is calibrated,

followed by the gyroscope calibration process (step 2). To perform the accelerometer calibration

each sensitivity axis is placed parallel to gravity in positive and negative senses, therefore the mea-

sured accelerations will be1g and� 1g respectively. This is repeated for the three accelerometer

axes X, Y and Z (Figure 2.9a). In a second step, the sensor is rotated by360� around each axis, to

calibrate the gyroscope (Figure 2.9b). The necessary calibration matrices are calculated from the

recordings of the positions and rotations.

(a) Accelerometer Ferraris calibration

(b) Gyroscope Ferraris calibration

Figure 2.9: IMU positioning to measure acceleration along the three acceleration axesX , Y and
Z (a) and the gyroscope rotations clockwise around theX , Y, andZ axis. [Cal19].

2.6 Sensor fusion

Sensor fusion refers to a process that combines sensor data from different sources and generates

information with less uncertainty, higher accuracy and leads to more reliable results. The angular

velocity from the gyroscope can be fused with the earth gravitational �eld measured by the

accelerometer to compute a single estimate of orientation angles. This is possible with a fusion
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strategy for the sensors when both sensors acquire data for the same phenomenon, like rotation or

movement of an object.

It is important to choose an orientation �lter that performs the combination of the raw data

and still has a reasonable computation time. Most �lters calculate the position or angles in

quaternions. Advantages of orientation estimation using quaternions are, that quaternions avoid

Gimbal lock and overall they are more ef�cient than Euler angles from a computational point

of view [Ala13]. The combination of the angular velocity data and the orientation quaternion

determined by accelerometers leads to a stochastic estimation of the actual orientation of the IMU

[Kim04].

Several sensor fusion algorithms have been proposed in literature. There are mainly two

different fusion approaches, the complementary �lters and the Kalman �lters [Lud18a]. Since it is

not possible to do a detailed and complete analysis of all possible �lters presented in literature, we

decided to evaluate the IMU orientation estimation based on three algorithms. The �lters analyzed

are basic gyroscope integration, the Mahony �lter [Mah08] and the Madgwick �lter [Mad11]. We

decided to perform sensor fusion with the named complementary �lters as these �lters have a

signi�cantly smaller computational load and still operate around the same accuracy as the Kalman

�lters [Ngo17].

2.6.1 Gyroscope integration

Gyroscope integration does not represent an algorithm for data fusion, nevertheless, we need

to explain the method in more detail since integration is a basis for the complementary �lter.

Orientation estimation is achieved by accumulating the change of orientation derived only from

the gyroscope readings. The derivative of the angular position over time is given by [dM14]:

! (t) =
d� (t)

dt
; (2.19)

Integrating the velocity gives us the angular position:

� (t) = � 0 +

tZ

0

! (t) � � 0 +
tX

0

! Gyroscope(t)�t (2.20)

�t is the inverse of the sampling rate and� the estimated angle.� 0 describes the start angle. The

approximation will introduce errors when gyroscope data changes faster than the sampling rate

and the integral approximation will be incorrect. This error is called drift, as it increases in time.
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As a result, the sensor reading will not return to 0 at a static position. Therefore, it is important to

choose a good sampling period [dM14].

2.6.2 Complementary �lters

A complementary �lter tries to �lter out the advantages from both sensors to compensate the

weaknesses of the individual sensors by the strengths of the others. In case of data combination,

the complementary �lter uses the accuracy of the gyroscope in short term because it does not react

to external forces and the drift that occurs from the integration only comes into force after a while.

In the long term, the accelerometer data is used because it suffers from short-term disturbances

and stability is only given over long periods [Gui15]. Therefore, the orientation calculation is

based on the gyroscope integration of the angular velocity. This measurement is corrected using

the estimated position vector of the accelerometer measurements [Die06]. An equation for the

solid angle determination is described by [Gui15]:

� = � � (� + ! Gyroscope � �t ) + (1 � � ) � aAccelerometer (2.21)

with the �lter coef�cient � 2 [0; 1]. The� is the angle (roll or pitch) calculated by combining the

two sensor values and weighted by the �lter parameter� . If this parameter is set to 1, the position

determination depends only on the angular velocity! Gyroscope obtained from the gyroscope, at the

value0 only on those of the acceleration sensoraAccelerometer . The gyroscope data is integrated

every timestep with the current angle value [dM13]. Figure 2.10 illustrates the principle of the

complementary �lter. The acceleration sensor data is �ltered by the low-pass �lter, while the

gyroscope data is processed by a high-pass �lter. In the end, data obtained from the two sensors

are merged into one position estimate [Yan17].

The �lters introduced in this work are also complementary �lters, known as Mahony and

Madgwick �lter. Mahony uses a proportional and integral controller to correct gyroscope bias,

while Madgwick uses only a proportional controller [Lud18b]. The two algorithms are using

common notations for quaternion and sensor readings. The notation used to explain the �lters

is the one already used in Section 2.4.2 and described by Madgwick [Mad11]. For example:

the symbol^ denotes a normalized vector, the symbol� means the conjugate of the vector, the

operator
 denotes a quaternion product,A
B q means the orientation of frameB with respect to

frameA, A r is a vector in frameA.
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Figure 2.10: Block diagram of complementary �lter [Boy15].

Madgwick �lter

The �lter is based on the introduced complementary �lter, whereby it uses angular velocities

instead of solid angles like the complementary �lter. For the �lter implementation accelerometer

data is used, whereby it is assumed that the acceleration measured in the sensor frame (Eq. 2.23)

aligns with the global direction of the gravitational vector (Eq. 2.22). The earth coordinate system

(denoted byE) is chosen so that the gravitational vector coincides with the Z-axis of the inertial

frame:
E ĝ = [0 0 0 1]; (2.22)

Sâ = [0 ax ay az]: (2.23)

The global gravitational axis can be transformed into the local sensor frameS by:

Sĝ = S
E q̂ 
 E ĝ 
 S

E q̂� (2.24)

The combination of a gravitational quaternionE ĝ (Eq. 2.22) and a normalized acceleration

quaternionSâ (Eq. 2.23) yields to the simpli�ed objective functionf (Eq. 2.25) de�ned by

equation:

f (S
E q̂; Sâ) = S

E q̂ 
 E ĝ 
 S
E q̂� � Sâ: (2.25)
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This �lter is characterized by adding a corrective stage using a gradient descent algorithm, as

described in [Mad11], to minimizef . The minimization requires the Jacobian matrix (Eq. 2.26)

of f to calculate the error direction on the solution surface (Eq. 2.27). The Jacobian matrix is

used to make a variable change when compensating for the change in the coordinate system.

J (S
E q̂) =

2

6
4

� 2qy 2qz � 2q! 2qx

2qx 2q! 2qz 2qy

0 � 4qx � 4qy 0

3

7
5 (2.26)

r f (S
E q̂; Sâ) = J (S

E q̂)T f (S
E q̂; Sâ) (2.27)

The kinematic equation of a rigid body is de�ned by angular velocity measurements at timet from

the gyroscope to describe the variations of the attitude in terms of quaternions as such [Lud18a]:

S! = [0 ! x ! y ! z]; (2.28)

S
E _q!;t =

1
2

S
E q̂t � 1 
 S! t ; (2.29)

whereS
E _q!;t and! t are the quaternion rate and the angular velocity at time pointt. Integration of

the quaternion rate leads to the gyroscope based orientation estimation:

S
E q!;t = S

E q̂t � 1 + S
E _q!;t �t; (2.30)

where�t is the inverse of the sampling rate. In the �nal step, the estimation from accelerometer

and gyroscope are merged. When the two rotation angles are fused, the accelerometer data is

weighted with an adjustable �lter gain� representing all mean zero gyroscope measurement

errors. Therefore, the algorithm is not able to compensate for any bias drifts. The �lter gain is

calculated according to [Fan17] from a unit quaternion̂q and ~! max , the maximum gyroscope

measurement error of each axis as:

� = k
1
2

q̂ 
 [0 ~! max ~! max ~! max ]k =

r
3
4

~! max : (2.31)

The output of the gradient descent algorithm is then used to correct the orientation estimated by:

S
E _qt = S

E _q!;t � �
r f (S

E q̂;S â)
kr f (S

E q̂;S â)k
: (2.32)
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Accordingly, the �lter function is as follows: A vector with direction and rate of rotation is

calculated from the data of the acceleration sensor using a gradient descent method. The same

is calculated from the data of the gyroscope and then fused. At each time step the divergence is

corrected by measurement errors in the angular velocity using the acceleration based estimation.

Only after this calculation, an integration after the time takes place using the corrected quaternion

rate. Figure B.1 shows the block diagram of the Madgwick �lter.

Figure 2.11: Block diagram of Madgwick �lter.

Mahony �lter

Mahony et al. developed a complementary �lter which is shown to be an ef�cient and effective

solution when performance is only validated for an IMU [Mah08]. The �lter corrects the input

rotation rate vector by a proportional-integral (PI) compensator [Cir16]. First, the �lter estimates

the direction of gravity and then calculates the error of the signal by taking the cross product

between the estimated direction and measured direction of �eld vectors. Therefore, �lter design

starts with the same procedure as the Madgwick �lter. An orientation error is obtained on the

basis of the normalized accelerometer measurementsSâ and an estimated gravitational vectorSĝ

(Eq. 2.24) from a quaternion. The algorithm computes the error vectorSe by cross multiplying

the measured and the estimated vectors of the acceleration:

Se = Sâ � Sĝ: (2.33)

Angular velocityS! (Eq.2.28) is corrected using the PI compensator:

S _! t = S! t + K p
Se + K i �t Se; (2.34)
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whereby the integral and proportional adjustable gains to tune the �lter are given byK i and

K p. Afterward, the quaternion rate of change (Eq.2.29) is integrated to obtain an estimate of the

orientation (Eq.2.30). Figure 2.12 shows the block diagram of the Mahony �lter.

Figure 2.12: Block diagram of Mahony �lter.

2.6.3 Conversion between quaternions and Euler angles

The presented algorithms are evaluated using quaternion representation and conversion into Euler

angles. The expected angles generated by the 3-axis gimbal are given in Euler angles. Therefore,

we will explain the calculation of Euler angles from quaternions as well as the calculation from

Euler angles to quaternions.

Quternions to Euler angles

Quaternions can be converted to Euler angles, however, the exact equations to calculate Euler

angles from quaternion depends on the order of rotations. In our case we use the ZYX-convention,

using �rst the yaw , then the pitch� and �nally the roll � angle. This results in the following

conversation equations [Bek07]:

� = arctan2(2(qyqz + qwqx ); q2
z � q2

y � q2
x + q2

w) (2.35)

� = � arcsin(2(qxqz � qwqz)) (2.36)

 = arctan2(2(qxqy + qwqz); q2
x � q2

w � q2
z + q2

y) (2.37)

wherearctan2 denotes the four quadrant arcus tangens. When converting from quaternions to

Euler angles, Gimbal lock still occurs and can cause the �lter to fail due to occurring singularities.
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Euler angles to quaternions

By combining the quaternion representations of the Euler rotations we use ZYX-convention again,

where the rotating sensor �rst does yaw, then pitches and �nally rolls. The 3-axis gimbal rotation

axisZE ; YE , andX E are consistent with those of the Euler angles, thus these angles and the Euler

angles are in one-to-one correspondence. The expected 3-axis gimbalZE YE X E Euler angles are

converted to quaternion by using Eq. 2.38, so that the quaternion estimated by fusion algorithms

can be compared with that of the gimbal. Quaternion calculation is given by [Die06]

q = [qw qx qy qz]T =

2

6
6
6
6
4

cos(�2 ) cos(�2) cos( 2 ) + sin( �
2 ) sin( �

2) sin(  
2 )

sin( �
2 ) cos(�2) cos( 2 ) � cos(�2 ) sin( �

2) sin(  
2 )

cos(�2 ) sin( �
2) cos( 2 ) + sin( �

2 ) cos(�2) sin(  
2 )

cos(�2 ) cos(�2) sin(  
2 ) � sin( �

2 ) sin( �
2) cos( 2 )

3

7
7
7
7
5

(2.38)

where , � , � denotes the rotation angles aroundZE ; YE , andX E axis, andq is the derived

quaternion.

2.6.4 Error metrics

To analyze and compare the calibration and orientation data, three error metrics are calculated.

The standard deviation (STD) is a measure of how spread out numbers are. Therefore, in this work

it is used as a metric for the reproducibility of the measurements. It is calculated by [Ahn03]:

STD =

vu
u
t 1

N � 1

NX

i =1

(x i � x)2 ; (2.39)

whereN is the sample size andx the mean.

Mean absolute error (MAE) and root mean square error (RMSE) are used to measure accuracy for

discrete variables. MAE is the average over the test sample of the absolute differencesei between

expectedx i; exp and actual measurementx i . Its formula is denoted by [Wil05]:

MAE =
1
N

NX

i =1

jx i � x i; exp j =
1
N

NX

i =1

jei j ; (2.40)

RMSE is the square root of the average of squared differences between expectation and actual
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observation. Its formula is denoted by [Wil05]:

RMSE=

vu
u
t 1

N

NX

i =1

(x i � x i; exp )2 =

vu
u
t 1

N

NX

i =1

e2
i : (2.41)

2.6.5 Error estimation

To analyze and compare the orientation data, the RMSE will be calculated. RMSE measures the

average magnitude of the error angle. The error estimation will be based on rotation matrices and

quaternions. Distance between two unit quaternionsq andp will correspond to distance between

orientations. It is to note, that when comparing quaternions globally,q and� q always represent

the same orientation. The angle� of rotation to get from one orientation to another is given by the

formula:

� = cos� 1(2hq; pi 2 � 1) (2.42)

wherehq; pi denotes the inner product of the corresponding quaternions. A notation of the

distanced can be computed by

d(q; p) = 1 � h q; pi 2 (2.43)

and gives the estimate of distance [Huy09]. In particular, it gives0 whenever the quaternions

represent the same orientation and gives1 whenever the two quaternion orientations are180�

apart.





Chapter 3

Methods

To evaluate the accuracy of IMU algorithms quantitatively, it is necessary to have a true reference

of the IMU orientation and position. This study used an 3-axis gimbal to move an IMU through

a series of prede�ned motions and angles. In this chapter, the assembly of the 3-axis gimbal is

explained and the materials and methods for measuring and combining the sensor data for the

algorithm evaluation are presented.

3.1 NilsPod

In this thesis, NilsPods (Portabiles GmbH, Erlangen, Germany) were used for data acquisition.

The device includes a Bosch BMI160, which is a small low power IMU and belongs to the

low-cost MEMS. NilsPods are composed of a 16-bit digital 3-axis gyroscope and a 16-bit digital

3-axis accelerometer. Accelerometer and gyroscope ranges were both set to the maximum values,

� 16g and� 2000� =s. During all measurements the sensor data was recorded with a sampling

rate of204:8 Hz. In the static state, the accelerometer gravity axis measures+1 g. The cutoff

frequency of the internal lowpass �lter was set to1000Hz, effectively disabling the �lter. For the

data acquisition of the sensor, a custom built smartphone app was used, which saved the data in

binary �le format for the subsequent processing.

In this work, three different sensors were used for data acquisition. The sensor used for the

calibration recordings is called Calibration Sensor (NilsPod 220F), the sensors for the algorithms

evaluation recordings are called Sensor 1 (NilsPod 9CA5) and Sensor 2 (NilsPod 0D14). All

sensors included the same system components and the described settings were adjusted. Therefore,

the sensors were assumed to be comparable.
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3.2 3-axis gimbal

In order to evaluate computed parameters, a data set from a reference system is essential. For

this purpose, we constructed a 3-axis gimbal, which is usable for sensor calibration, as well as

for comparison and evaluation of IMU sensor fusion algorithms. It allowed the adjustment of

positions in multiples of18� angles and the execution of prede�ned rotations around three axes.

3.2.1 Materials

The main components for the 3-axis gimbal were manual turning devices, aluminum pro�les,

connecting elements (MiniTec GmbH & Co. KG, Schönenberg-Kbg, Germany) and a ball bearing

(Onpira GmbH, Zittau, Czech Republic). Two rotational frames (inner and outer frame) made of

aluminum pro�les and a ball bearing as base provided three DOF (Figure 3.1a). The connection

between the outer frame and the ball bearing was provided by a perforated plate �xed with screws.

A turning device and a frame mounting �xed the inner frame to the outer frame and allowed the

inner frame to rotate (Figure 3.1b). To generate a inner frame rotation parallel to the ground, both

elements were located at the same height. The IMU for data measurements was attached to the

inner frame by an fastening on a second turning device, which �xed the IMU parallel to the inner

frame.

Manual turning devices allowed an360� rotation and �xation in multiples of18� (Figure

3.2). The two turning devices are located on the inner frame on the outer frame (Figure 3.1b).

Locking bolts ensured safe angle adjustment of the turning devices in 20 desired positions.

(a) 3-axis gimbal arrangement (b) 3-axis gimbal components

Figure 3.1: 3-axis gimbal (a) arrangement and (b) components.
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(a) Manual turning device
(b) 20 adjustable positions in
18� intervals

Figure 3.2: Manual turning device with adjustable angle positions.

The aluminumball bearing at the bottom of the 3-axis gimbal also realized a360� rotation

and an angle adjustment consistent with the manual turning devices. However, the adjustment

was performed by a clamp, because a locking bolt could not be installed at the ball bearing

frame. The18� angles were drawn manually onto the ball bearing frame using a protractor for

the measurement. An aluminum pro�le was attached to the ball bearing using various joining

elements to connect the outer frame to the ball bearing afterwards.

3.2.2 Construction

The following chapter contains instructions on how the 3-axis gimbal should be constructed

to produce safe and reproducible angle adjustability. Especially the assembly is important for

the calibration and algorithm evaluation. Only if the device generates angles in known and

reproducible positions, an exact algorithm evaluation will be possible. Therefore the AGT digital

spirit level NX-6946-675 (Pearl GmbH, Buggingen, France) with an angle measuring function

and an accuracy of� 0:5� was used as a reference for the 3-axis gimbal assembling. Reference

measurements of the angles generated by the 3-axis gimbal were required to ensure a correct and

reproducible angle generation. Before the assembling started, the spirit level was calibrated to the

�oor on which the construction was set up, in order to ensure accurate measurements.

The construction started with the assembly of a substructure, which prevented the outer gimbal

frame from tilting to one side in certain positions. This substructure was fastened to the bottom of
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the ball bearing.

1. Ball bearing measurement

First, the ball bearing was measured without the outer frame being �xed to it. The spirit

level was placed horizontally on top of the ball bearing pro�le. In this position, the spirit

level should indicate an angle close to0� .

2. Assembling of the inner frame

In order to ensure the correct assembly of the gimbal frames, it is important to �rst explain

the three main components of the frames. Basically, a frame consists of three aluminum

pro�les, calledA1, B1 andC1 for the inner frame components, the outer frame components

are calledA2, B2 andC2 (Figure 3.3). First, theC1 component was connected toA1 andB1

via angle connectors, ensuring that the componentsA1 andB1 are attached to component

C1 at an angle of90� .

Figure 3.3: Inner and outer frame components.

3. Assembly of the outer frame in combination with the installation of the inner frame

The assembly of the outer frame was similar to the assembly of the inner frame. Again, the

assembly consisted of three components:A2, B2 andC2. ComponentA2 was connected

at an angle of90� to componentC2 via an angle connector. Then the already assembled

inner frame was attached to the manual turning device of the outer frame. Attention was

paid to the parallelism of componentsA1 andA2. TheC1 component was installed at a

small distance from the inner frame rotation axis. To ensure the parallelism of the inner

frame to the outer frame and to achieve a good rotation of the inner frame, the outer manual

turning device requires the same height as the opposite frame mount. After attaching the

inner frame to the manual rotation device, componentB2 was connected to componentC2

at an angle of90� .
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